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HYDRODYNAMIC ANALYSIS OF THE PROCESS OF MAKING THREE-LAYER
OPTICAL FIBERS AND CALCULATION OF THE FIELD OF ELASTIC STRESSES
AND BIREFRINGENCE

A. L. Yarin UDC 539.377+532.
63+681.7.068.2

One of the methods used to make semifinished products for the manufacture of polari-
zation-maintaining optical fibers is based on the use of the surface tension of glass in
the liquid state [1]. The initial cross section of the semifinished product is shown in
Fig. 1, where the region 0 corresponds to the core through which the signal propagates.

The numbers 1 and 2 denote the straining and cladding sheaths, which are designed to create
a stress state in the core. Part of the clad is removed — as shown by the dashed lines

in Fig. 1, for example — and the semifinished product is placed in a furnace and heated.
During heating, the straining and cladding sheaths become liquid and the surface tension

at the boundary T, begins to round it off. The resulting flow of molten glass deforms the
boundary I';, which is subjected to a low surface tension. The deformation of this boundary
causes it to lose its circular form. Meanwhile, the core remains solid and boundary T,
remains unchanged. After completion of the process of rounding-off of the boundary T,,

a semifinished product with a noncircular boundary T, is obtained. Due to the difference
in the thermoelastic properties of the materials in the straining and cladding layers of
the semifinished product (and optical fiber), an anisotropic field of elastic stresses is
created along with the associated birefringence. Accordingly, the core becomes capable

of transmitting signals with a certain polarization.
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Fig. 1 : Fig. 2

The authors of [2, 3] calculated the flow process in the roundoff of the external
boundary of a two-layer semifinished product (in an approximation which ignored the effect
of the core 0). The flow was assumed to have been a noninertial Stokes flow in these stud-
ies. A comparison with experimental data was made in [3]. Here, we generalize the solu-
tion in {2, 3] to the case of a three-layer semifinished product. As was shown in {2, 3],
the structure of the semifinished product remains nearly the same in the fiber ultimately
formed from it. Thus, the results of the solution of the hydrodynamic problem were used
to calculate the elastic stresses and birefringence in the optical fiber. Several analyti-
cal solutions to the elastic problem were obtained in [4, 5] for fibers having a cross
section with a different structure.

1. The hydrodynamic problem is solved with the use of the Stokes equations [6, 7],
which converge to a biharmonic equation for the stream function y*:

AAY* = 0 (1.1)

(here and below, A is the two-dimensional Laplace operator).

Having constructed the general solution of Eq. (1.1) in the form of a Fourier series,
we use a stream function y* which is periodic with respect to 6 to find the fields of velo-
city, pressure, and viscous stresses in regions 1 and 2. Some details of these calculations
were presented in [2]. As in [2, 3], the boundary conditions of the hydrodynamic problem
will be linearized here. We will assume that the boundaries I'; and T, are small perturba-
tions of circles of radii R, and R,. This approach retains all of the boundary conditions
(11) from [2] but, in contrast to [2], employs the condition of adhesion at r = R, (the
boundary of the core and sheath 1) rather than the condition of finiteness of the solution
at r =0

v,y = 0,041 =0 (1.2)

(vy and vy are components of velocity in polar coordinates: the additional subscript 1 cor-
responds to region 1).

With the satisfaction of Eq. (1.2), ¥;* = 0 on the boundary T, (r = R,). Conditions
(1.2) imply that even in the case of nonsymmetric removal of part of sheath 2, the solid
core is not rotated by viscous stresses during the roundoff of boundary T, because the semi-
finished product is compressed at its two solid ends (at z = tL/2, where z is the axial
coordinate and L is the length of the semifinished product).

Having constructed the general solution of the hydrodynamic problem and having satis-
fied boundary conditions (1.2) and (11) from [2], we obtain expressions for the coefficients
of Fourier series which describe the perturbations of boundaries T'; and I'; during the flow
process:

b () N . . :
;i=_°2_(—+2[ani(t)smne—l—bm(t)cosne] (i=1.,2) (1.3)
n=1
(the boundaries correspond to rj = R;(1 + T3)).

The expressions for the coefficients a,; and bp; will be (14), (22), and (24)-(28) from
{2], with the replacment of S;, S,, S,, and S; by

Sy = E1{(— 20— 4t 200) + [n(— 20 — 208" = (n + 1) (— 20+ 4—20) "]},
2
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u —
S, = u_j{(zif —2n) + [(n — 1) (— 2% — 20) 93" — n(— 2n + 4 —2n%) p" 2]},
i (1.4)

=

Sy = (=2 — 20) + [0 (— 202 — 2m) y{™*2 — (0 + 1) (— 20 + 20)42"]),

[

By 3 2 an 2 2n—2 R,
Se=u—i(—2n‘+2n>+[(n-—‘l)(—2n —2n) 3" — n(—2n® + 20) """ ]) =% )
and the addition of §,4-S,4:
Sp=@+2)+[—my" P — (4 ) (—n+27"],

27

Sp=r+[—nE—0y"—n(—n+2)v"7] (1.5)
Sp;=1+ [n\’?)nﬂ —{(n+1) Y?)n]r Sis=1+4+ [(n—ﬂ%n—“ m(gn—z]
as well as the replacement of k,~kz; by
By = (813815 — S1681)(S3Ss — S2Se)— (815815 — (S16/7)) (S1Ss — 5,87).
ky = (515513 - 516517)(54‘38 - stm)“ S13513(51Ss - 5257)1
by = (515518 - SlsS,17)(S5Ss — 88— SISSI4(SISS — 838 4),
kg = (8155 — S1e517)5 655 (1.6)
By = (S1358 — S16512)(S1Sy — 88— ((S15/m)— S12512) (8185 — S257)s
ke = (515518 - SIGS17)(S1‘SIO - S4S7) + S17SI3(SIS8 - 5257)7
ky= (515515 - S16‘5’17)(51511 - S,,S?) + 517514(5183 - 5257)1
ks = “‘(S15S18 - S16517)5657-
In Eq. (1.4), u; and yu, are the viscosities of the molten glass in sheaths 1 and 2. At
Yo = 0, Egs. (1.4)-(1.6) take the form of the results in fz, 31.

2. After the formation of the internal structure of a semifinished product with a
noncircular boundary I'; has been completed, it is necessary to address the problem of the
distribution of the elastic stresses in the semifinished product (or fiber). In the solu-
tion of this problem, we make use of the coefficients of the Fourier series for I';, corre-
sponding to the moment of cessation of flow. The values of a,« and by,x are known from the
solution of the hydrodynamic problem; @ms+ =0, by;% = 0 (n > 2). The elastic deformation
is assumed to be planar.

In accordance with [8], calculation of the elastic stresses reduces to finding the
potential x = ¢ + ¢, the sum of the thermoelastic potential ¢ and the elastic potential 9.
These quantities satisfy the equations

1
A(Pzii:al(T—Tﬁ)v AA1D=0, (2.1)
. E [1oay 1 d% _E @ 1ax) _E
GTT__T-FT(T&'""F}?)’ Gre—ma(?b‘é » O00 = T Ty g2

Here, v is the Poisson's ratio, which (together with the Young's modulus E) is henceforth
assumed to be identical for the materials in regions 0-2; ag is the coefficient of linear
thermal expansion, which is different in regions 0-2; T is temperature (assumed to be con-
stant over the cross section); T, is the temperature at which thermoelastic stresses are
absent. In general, this temperature differs in regions 0-2. We will also use the nota-
tion By = [(1 + v)/(1 = v)]-agi(T — To3) (4 =0, 1, 2).

The thermoelastic displacements ut==Vq>are connected with the thermoelastic potential.

They should be continuous on the internal boundaries of the regions, since the displace-
ments connected with ¢ are automatically continuous. Thus, in an approximation which is
linear with respect to the perturbations, the solution of the first equation of (2.1) must
satisfy the conditions

r = Ry ‘6%161" = 8, f0r, 0p,/08 = d¢,/08;
r= R, (1 + Cp,): 0@,/0r = 09,f0r, A, /09 = 6¢,/9.

Here, the linearized conditions for the thermoelastic stresses, connected with ¢ and denoted
by the superscript t,

. t 1 i R
r= Ro- O7rp = Orrty Orgo == Orgy1s

a L
t tt t ¢ 1t ¢ t %1
r=R; (1 + §1): Orry = Orras Orer + (Gﬂ‘l — 6961) Yy =°r92+(0rr2—0692) T
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are satisfied automatically, while the thermoelastic stresses connected with ¥ are also
continuous. It should be noted that the thermoelastic displacements are negligibly small
even compared to {;%, although the stresses connected with them may turn out to be substan-
tial because they contain the multiplier E.

The stress Gy, should be finite at r = 0, while on the circular external surface of
the semifinished product (or fiber)

ro~ Ry 0,, =0,y = 0.

The stress field calculated by this approach has the form

E ﬂi C; < n
orr=-—m[5+;2—+2W+;=1¥[Qn(n+2——ng)r +

4 Tl — 1) "2 — Ty (n 4+ 02 r " ?lsinn® 4 [Valn + 2 —n?)r" +

+ Ya(p— 3" — Yo (n + n2) r %] cos nﬂ}],

o (2.2)
E —n—
Orp = 1+v1§1{[0"(”2 + )" A Ta(n2 — 0) 1" — T (02 + )" ]
X cos 18 + (Vi (—n? — n)r"+ Yo (—n? + n) 1" 2+ (n2 4+ n)Y ,r " *]sin n6
Gop — _.ij,; [92. — oW+ D0+ + D)™ +r(n—D T + n(n+1) Tour ™ sin nf +
n=1 .
FIVa+ 2+ )+ n— 1)V - n(n 4 1) Yaur 2] cos nﬂ}].
Here, we took the following in the calculations: |
0,i=0,
, R? .
Ci= 7(?’0"‘51), i=1, (2.3)
R R?
70(60—61)"“‘1“@1""52): i=2;
| B, A3 I
W=-— Z‘ 4R2 (?’o 51) 432 (ﬁl Ba)s On-'—“‘(ﬁr“ﬁz) R R, 2?7,_,_1 Gny»s;
= — (B~ P RAT by Ty, Yy <oo, Vi
[3 "‘B a, R—n-}-z —om .
( 1 2)2111* 1 [(n+1) 2 1], i=0,
B, —B,)a, BT 2 -
T, = (B, nig 1 n+1)7y ], i1,
(n > 2) 2n ) [( ) ]
(B, — B,) @nys (n+ 1) RRT"HY .
] L= 27
onyP ¥l
(B, — B2) b BT - ;
L2 [w+ 1y —1], i=0,
— B,) by RY2
Y, = (ﬂl !3-2)2111- 1 [(n+ 1)];-%__1]’ ;=
n
(n=2)
(}, — By) bys(n 4 1)R13;n+1
: i=2;
2yttt
[O,st, 0,i=0,
=1, Dy [ == 1’
Pon = 0, 1=1. e Yon = ZB 6.y RO
- (ﬁl—gz) Gy L= 25 s 2:3 L by, E=
y = R,/R;. In accordance with [5], the coefficient of birefringence
B = C(0y, — 0yy) = Cl(0,, — 0gg) €05 28 — 20,4sin 26] (2.4)
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(C is a proportionality factor whose value is known). Thus, with allowance for Eqs. (2.2)
and (2.4), we find in the core (i = 0) that

%%iﬂ%mﬂwﬁqdﬂﬁ—MWﬂﬂMm—mm+WM%+MW+YMM—MWﬁmﬂ@—%%.

n=1

B(r6) =
In the center of the core at r = 0, B = Bx:
' CE _
B*=m(ﬁ2“‘ﬁ1)(1"3\’ 1) byge. (2.5)

As can be seen, in a linear approximation the value of Bx is determined by a single coeffi-
cient of Fourier series (1.3). This coefficient determines the harmonic cos 26 and changes
sign at y = 31/%, This finding is consistent with the results obtained in [4].

On the boundary of the core at r = R, — 0

B(R,—0.0) {-V__g("2+_")+
ByO) = mer@ =B+ ,gl 2y (2.6)

+ %yg_z [(n )y — 1] (n— 1)}{an1* sin [(n—2) 0] + bays cos [(n — 2) 6]}

We can use Egs. (2.2)-(2.4) to obtain a general expression for the dimensionless coefficient
of birefringence in the cross section of the optical fiber. The expression has the form

. B(p,9) N {_ () o A .
B = RCE(B, — Byt +v] nz=1 2pn e Pt [(n + 7y

—_ m] (n—1) p”—z} {@nyssin [(n — 2) 8] + bny, cos [(n — 2) o) — 3 C(;; 20

(2.7)

— X P+ 07 (ams sin[(n + 2)0] + buge 0 [(2 -+ 2) 1) 0 = 5
i 1, 0<p<<t + 41, (6),
“’:{0, £+ Gpa () <o <Y + Co (O
0, 0<Co<<l + L= (0),
01 = {1, 14+ @) <p<<yll + & O

Q, O<p<v0,
v%(ﬁo‘_ﬁl)
E= ) 51_52 770<p<1+€1*(ﬂ),
. B'O;ﬁl) - 14 Cor (O
7(51—52 + o T L@ <p <yl + L (O

Here, [,;% and (,% are the perturbations of the boundaries T, and T', corresponding to the
amount of cessation of the flow. These perturbations are known from the solution of the

hydrodynamic problem.
Equations (2.5) and (2.6) can be obtained from Eq. (2.7) with p = 0 and p = vy, — 0.

It should also be noted that the expressions for the stresses in the cross section (2.2)-(2.3)

can be changed to the following form:

’ o, (0, 8) 3 < (n+2—-n2) n
Opp = ——[—2—-&- +26+T§1{—WP +

[EB,— By I+v] o

-+ d—r _2_ ) ((ﬂ + 1) V—Zn —_ 0)) pn_2 -+ _(2_42‘_12 0319.%-2] (@n1, sinn O + bpys cosn e)}:l?

’ g (0, 9) - 00 (n2 + n) n , (I —r) —an n—g (n+41) -n—%] . l.
Oro = [E (B, — By -+ )] = gl {[ gy2nte o+ 3 ((n+ iy _‘{0).0 —a 0,0 J(am*cosnﬁ—bm*bmne)j ;
. T (0, 0) N W r[_(n+2)(n+1)pn_
Tgg = [E (ﬁl_“ BZ)/(1+ V)] - [2 ‘02 + 26 + nzzl 2Y2n+2

¢ ; n) ((n+ 1)y*"— m)pn—z_(n-zl- 1) wlp—n—zl(am* sin nO -4 bayx COS ne)} ];
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The results of the solution of the problem are shown in Fig. 2. Dashed lines 1 and 2
show the initial (before heating and flow of the glass) configurations of boundaries I'; and
T,, while solid lines 1' and 2' show the final configurations (1 and 2' — circles). Circle
3 corresponds to the boundary of the core. In the calculations, we modeled the plane cut-
ting of the cladding sheath. It was assumed that y = 2, y, = 0.2, y,/p, = 0.2, while the
ratio of the interfacial force and surface tension a,/a, = 0. We used 19 modes of the
Fourier series. The calculated final form of the straining sheath, corresponding to the
initial configuration of the cross section of the semifinished product shown in Fig. 2,
is close to an ellipse. The values of coefficient b,;%, corresponding to different values
of vy, with the remaining parameters of the problem fixed, were as follows: vy, = 0.1, 0.2,
0.3, 0.4, 0.5; b,,x = —0.2823, —0.2776, —0.2683, ~0.2523, —0.2260. All of the values of vy,
corresponded to a straining sheath having a final configuration in the form of an "ellipse.
At small y, (s 0.4), the form of the boundary T'; is similar to the form obtained from the
solution for a two-layer semifinished product [2, 3].

1"

Figure 3 shows the distributions of dimensionless birefringence B' with a change in
the polar angle 6 in the plane of the cross section of the optical fiber (the graphs may
be continued symmetrically across the boundary 6 = 180°). Line 1 corresponds to r = R, —
0, 1' to Ry, + 03 2 to 2Ry; 3 to 3Ry 4 to 4Ry; 5 to 5R;. In the last two cases, part of
the circle on which B' is calculated lies within the cladding sheath. This is reflected
in the discontinuities on curves 4 and 5. It was assumed in the calculations that 8, = B,.

Thus, (Bo - Bl)/(Bl - Bz) = -1.

Figure 4 illustrates the change in B' in the cross section of the optical fiber in
the radial direction [ a) 6 = 90°, b) 6 = 0]. Birefringence in the cross section of a
fiber similar to that being examined here (see Fig. 2) was calculated numerically in [9].
The results obtained in [9] are qualitatively close to the results of the analytical solu-
tion obtained in the present study (see Fig. 4). It should be noted that the discontinui-
ties in the relations B'(r) in Fig. 4 are connected with crossing of the interfaces between
the core and straining sheath and between the latter and the cladding sheath.
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STRUCTURE OF CHEMICALLY NONEQUILIBRIUM FLOWS
WITH A SUDDEN CHANGE IN THE TEMPERATURE -
AND THE CATALYTIC PROPERTIES OF THE SURFACE

V. V. Bogolepov, I. I. Lipatov, and L. A. Sckolov UDC 533.6.011.8

The problem of chemically nonequilibrium flows in the neighborhood of a point where
there is a sudden change in the temperature or the catalytic properties of the surface of
a body is of undoubted interest from both theoretical and practical standpoints. Thus, the
authors of [1-4] studied the effect of discontinuity of the catalytic properties of the
surface on flow about the body within the framework of laminar boundary layer theory or
the theory of hypersonic viscous shock layers. The problem was examined in [5-7] in a
formulation which was the same except for the introduction of a hypothetical boundary layer
immediately after the point of discontinuity: with the use of simplifying assumptions,
the investigators succeeded in obtaining an analytic solution for the flow functions in
the neighborhood behind the point of discontinuity of surface catalytic properties.

To describe the upstream propagation of disturbances from the point of discontinuity -
such propagation being absent for boundary-value problems of the parabolic type [1-7] — the
authors of [8-10] considered longitudinal diffusion in a certain region of the point; the
substantiation for such a flow model for a removable discontinuity was presented in [11],
where investigators made use of the method of combinable asymptotic expansions [12]. This
method has already been used to solve many problems involving singular perturbations in
fluid mechanics (see [13, 14] and their bibliographies, for example).

When analyzing the neighborhood of a point of discontinuity of surface catalytic pro-
perties, it is necessary to consider that in the transition from a noncatalytic surface to
a surface which is ideally catalytic (for example), the density of the gas near the surface
of the body is increased by a characteristic amount, i.e., the streamlines are shifted -
toward the surface of the body and the flow moves past a hypothetical depression. The main
assumption of Prandtl's classical boundary-layer theory — that the longitudinal gradients
of the flow functions are small compared tc the transverse gradients — may be invalidated
for such flows, and it becomes necessary to use the complete Navier—Stokes equations. A
systematic analysis of the flow regimes around small two-dimensional irregularities on the
surface of a body was performed in [15]. A solution to the problem of surface temperature
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